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By consideration of the cylindrical elemental control volume as shown below, use the
conservation of mass to derive the continuity equation in cylindrical coordinates.
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CONTINUITY EQUATION
The net flux of mass entering the element equal to the rate of change of the mass of the
element.

0

Min — Moyt = 77 Melement
dt
m = mass flow rate = pAV

V' = velocity of fluid



C23 CLASSROOM CHANNEL — Subscribe us

(a) Mass flow rate, direction of v, :

: . 9]
Mipy — Meye = p(rdBdz)(v,) — (pvr + 3 (pvr)dr) (r + dr)dOdz

0 9]
= p(rdfdz)(v,) — [pvrr + pv,dr + 3 (pv,)rdr + 5 (pv,)drdr|dOdz

(drdr = 0, too small)

[ d
= pv,rd@dz — |pv,r + pv,dr + E (p)rdr] dOdz

0
ar

= pv,rdOdz — |pv, T + (pvrr)dr] dOdz O+gd9 —— r+dr

d
= (pv,r)drdOdz S v,



C23 CLASSROOM CHANNEL - Subscribe us
(b) Mass flow rate, direction of v,:
: : i,
My — Moy = pv,rdOdr — (pvz + Fp (pvz)dz) rd@dr
0
=3 (pv,)rdOdrdz

(c) Mass flow rate, direction of vy : \T\ Z
VI‘

: : d
Min — Moyt = pvgdzdr — (pvg + ET (pvg)de) drdz

d
=33 (pvg)dOdrdz
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(d) O@+adg §'— r+adr
mass = pV (V = Volume)
0
Z*\O'Z V2 Ve

= p(rd@drdz) \T\ Z

0
3:™M =3 (prd@drdz) z

0

Mip — Moyt = amelement
a( )drd@d a( )rdodrd 0( )dédrd _a( dOdrdz)
5y, (pvrr)drdfdz — = (pv,)rdfdrdz — — (pve rdz = (prdfdrdz

(divide with d@drdz)

9 0 0 J
~ 5 (pvyr) — 37 (pv)r — 30 (pvg) = ET: (o)
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r
(E = 0, No changes of r regarding to the time)

0 dp 0 0 0 6+ — r+ar
=737 + r (pv,r) + 37 (pv)r + 30 (pvg) f\

7]
\
atau Ttz # VZZ K
_dp 10 10 19 zi K
0 =+ ——(pvrr) + ——(pvz)r + ——(pve)

_dp 19 9 10
=51 ;—(pvrr) + —(pvz) + ——(pv9)

This is the compressible equation of continuity in cylindrical polar
coordinates.
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For 2-D incompressible fluid, there is no changes in density and velocity for z-direction
is zero.
Thus, continuity equation becomes;

dp 10 9 10
0= 5t + e (pv, 1) + E(va) + ;%(Pve)
10 d 10
0= ;g(vﬂ") + E(vz) + ;%(ve)

v 0d(w)  10(vg)
0_r+ or +r 00

Sometimes, it can be written as;
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EQUATION OF CONTINUITY
Cartesian coordinates:
dp d(pu) 9d(pv) d(pw)
=%t ox Ty "oz
Polar coordinates:
dp 10 9 19

0= 5t T35 (pu,r) + 37 (pu,) + =30 (pug)
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Navier-Stokes equation (constant properties) for cylindrical (polar) coordinates is:

D 4 d uy 0 )

2~ -, -Y .Y
v 6r2+r6r+r2092+622

r — axis:

tu or2 r or +r_2 062 d0z2 r2+r2 00

ou, aur_l_u@ aur+ ou, uj _ 10dp <azur 10u, 10%u, 0°u, u, 2 6u9>
ot " ar T a8 " "oz
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0 — axis:
Dug u,ug
Dt T
0u9+_ augﬁ_ugaug dug UylUg
at  “oar T a0 "7 a r

aZU,Q n 1611,9 n
v dor2 r or

1 aZU,Q n aZU,Q
r2 002 0z2

2 du, uy
r2 060 r2
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Z — axis:

ou, ou, ugodu, ou, 10p 0%u, 10u, 10%u, 0%u,
+ u, t oyt U T 2 T o T a0 2
dt dr r 00 0z ar r dr r? 00 0z
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Note:




