
Flow in Pipe



Study of viscosity on an incompressible, internal flow.
E.g., Flow in a circular pipe

Introduction

• The Reynolds number is a ratio of inertial forces to viscous 
forces.

• Important when dealing with viscous effects in a flow.

• When the ratio is large, inertial forces dominate viscous 
forces.

• True when there are short, sudden geometric changes.
• Viscous effects are important when surface areas are large.



Introduction

• Laminar Flow:
• Re < 2000 for pipes
• Re < 1500 in a wide channel

• At a sufficiently high Reynolds number, a turbulent flow occurs.



• Developed Laminar Flow - Flow where the velocity profile ceases to 
change in the flow direction.

• In the entrance region of a laminar flow, the velocity profile changes in the flow 
direction.

• Idealized flow from a reservoir begins at the inlet as a uniform flow.
• Viscous wall layer grows over the inviscid core length, Li until the viscous stresses 

dominate the entire cross section.

Entrance Flow and Developed Flow



• The profile develops due to viscous effects until a developed flow is achieved.
• The inviscid core length is one-fourth to one-third of the entrance length LE.
• This depends on the conduit geometry, shape of the inlet velocity profile, and the Reynolds 

number.

Entrance Flow and Developed Flow



Entrance Flow and Developed Flow

The entrance length equation for a 
laminar flow in a circular pipe with 
a uniform profile at the inlet. Relam= 
2000

For a laminar flow in a high-
aspect-ratio channel with a 
uniform profile at the inlet. Relam= 
1500



Entrance Flow and Developed Flow

• For a large Reynolds number (Re > 105)



Entrance Flow and Developed Flow

• For a flow beyond a large x, the pressure variation 
decreases linearly with x.

• Transition near originà Linear pressure variation begins 
near Li à Pressure gradient in the inlet is higher than in the 
developed flow region.

• Transition near Ldà (Low Re)à Linear variation begins at 
the end of the transitionà Pressure gradient in the inlet is 
less than that of developed flow.

• Laminar flowà Pressure variation is the same as that from 
a large Reynolds numberà Pressure gradient is higher 
than in the developed flow region.



Laminar Flow in a Pipe
Elemental Approach 

To investigate incompressible, steady, developed 
laminar flow in a pipe

• Elemental approach:
• Infinitesimal control volume into which and 

from which fluid flows [Use momentum 
equation].

• Infinitesimal fluid mass upon which forces 
act [Use Newton’s second law].

• Since velocity profile doesn’t change in the x-direction:
• Momentum Flux in = Momentum Flux out and the resultant force is zero
• No acceleration of the mass element; resultant force is zero.



Laminar Flow in a Pipe
Elemental Approach 

• The velocity distribution is parabolic.
• Called a Poiseuille flow.

• This is a laminar flow with a parabolic profile 
in a pipe or between parallel plates.



Laminar Flow in a Pipe
Solving the Navier-Stokes Equations 

This parabolic velocity distribution for flow in 
a pipe is called a Poiseuille flow.

Navier-Stokes equation 
for flow in a circular pipe:
• Developed flow
• Streamlines are 

parallel to the wall
• No swirl
• No acceleration of the 

fluid particles as they 
move in the pipe.



Laminar Flow in a Pipe
Pipe Flow Quantities 

• For steady, laminar, developed flow in a 
circular pipe, the velocity distribution is:

• For a horizontal pipe, the pressure drop is as follows:

• The average velocity, V, is:

For an inclined pipe, p is replaced 
with (p+γh)



Laminar Flow in a Pipe
Pipe Flow Quantities 

• The friction factor, f :
• Dimensionless wall shear valid for both 

laminar and turbulent flow. 

• Also, head loss (hL) with a dimension of length:

Darcy-Weisbach equation 
(valid for both laminar and 

turbulent flows).

For laminar flow 
in a pipe

Head-loss is directly 
proportional to the average 
velocity in a laminar flow.



Laminar Flow in a Pipe



Laminar Flow in a Pipe



Laminar Flow in a Pipe



Laminar Flow in a Pipe



Laminar Flow in a Pipe



Laminar Flow between Parallel Plates

Elemental Approach

• For an elemental volume of unit depth 
(in the z-direction)

• One dimensional flow, no acceleration, 
developed flow.

For incompressible, steady, developed flow of a fluid between parallel plates, with the 
upper plate moving with velocity U.



Laminar Flow between Parallel Plates

Elemental Approach

• Couette Flow: A flow with a linear profile resulting from the motion of the 
plate only.

• Poiseuille Flow: If the motion is only due to the pressure gradient (with U = 0).



Laminar Flow between Parallel Plates

Solving the Navier-Stokes Equations

• For a developed flow between parallel plates:
• Streamlines are parallel to the plates so u = u(y); v = w = 0.

This analysis applies to 
the midsection away 
from the side-walls

Double-integrating with 
u = 0, y = 0; u = U; 
y = a..



Laminar Flow between Parallel Plates

Simplified Flow Situation

• Velocity distribution between fixed plates (U = 0) is:

Flow rate per unit width:

Average velocity:



Laminar Flow between Parallel Plates

Simplified Flow Situation

• Velocity distribution between fixed plates (U = 0) is:

The pressure drop in terms of average velocity (horizontal channel):

• For plates on an incline, p is replaced with (p + γh)

The maximum velocity occurs at y = 0.5a and is:

Hence, average and maximum velocities are related by:

The pressure drop Δp over a length L of horizontal channel is:



Laminar Flow between Parallel Plates

Simplified Flow Situation

• Friction factor, f: Dimensionless wall shear valid for both laminar and 
turbulent flow.

The pressure drop in terms of friction 
factor is:

• Head Loss: Pressure drop due to friction as fluid flows through a pipe.

Using definitions for Reynolds number and 
friction factor; seen that head loss is directly 
proportional to average velocity.





Laminar Flow between Parallel Plates



Laminar Flow between Parallel Plates



Laminar Flow between Parallel Plates



Laminar Flow between Rotating Cylinders

• Fully developed, steady flow between concentric, rotating cylinders.
• Laminar flow is valid up to Re = 1700
• Above this, a secondary laminar flow may develop, and eventually a turbulent 

flow develops.



Laminar Flow between Rotating Cylinders
Elemental Approach

• Neglecting body forces (vertical cylinder).
• Pressure doesn’t vary with θ; resultant torque acting on an element (thin 

cylindrical shell) is zero as there is no angular acceleration.

With the constants to be found by 
evaluating the boundary conditions:



Laminar Flow between Rotating Cylinders
Solving the Navier-Stokes Equations

• Steady, laminar flow between concentric cylinders.
• Hence, circular streamlines

Cancelling the terms and double-integration 
leads to the same equations as in the 
previous slide.



Laminar Flow between Rotating Cylinders
Flow with the Outer Cylinder Fixed (ω2 = 0)

• E.g., For a shaft rotating in a bearing.

Velocity Distribution: Shearing stress:

Torque, T to rotate the inner 
cylinder of length, L:

Power to rotate the shaft 
(multiply torque by rotational 
speed):

Power needed to overcome resistance of 
viscosity à Leads to an increase in internal 
energy and temperature of the fluid.



Laminar Flow between Rotating Cylinders



Laminar Flow between Rotating Cylinders



Laminar Flow between Rotating Cylinders



Turbulent Flow in a Pipe

• Developed turbulent flow in a circular pipe is of interest in practical 
applications (most flows in pipes are turbulent).

• Laminar flows have been seen in Reynolds numbers of 40,000 in a pipe flow.
• In standard conditions, Returb = 2000.

• All three velocity components are nonzero.
• Need time-average quantities.



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe
Differential Equation

• The differential x-force from the random motion of a fluid particle through an 
incremental area dA is: • u’ is the negative change in x-

component velocity.

• The turbulent shear stress is:
• Time-average turbulent shear stress is the apparent shear stress.



Turbulent Flow in a Pipe
Differential Equation

• The total shear stress (from viscosity and momentum exchange) due to 
laminar and turbulent effects would be:

• The shear stress related to the pressure gradient is:



Turbulent Flow in a Pipe
Differential Equation

• Shear stress distribution is linear for turbulent and laminar flow.
• Turbulent shear goes to zero at the wall.
• Total shear at the centerline is zero.



Turbulent Flow in a Pipe
Differential Equation

• To find the time-average velocity distribution, the differential equation is 
formed from equations on the previous slide.

The term 𝑢!𝑣′ cannot be determined 
analytically.
• Have Eddy viscosity: (Parameterization 

of Eddy Momentum Flux, Reynolds 
stresses)stress) )

• Hence:



Turbulent Flow in a Pipe
Differential Equation

• For turbulent flow, it is helpful to define a mixing length lm:
• Distance a particle moves before interacting with another particle.

• The correlation coefficient Kuv is a normalized turbulent shear stress.
• Has limits of ±1
• With time-averaged quantities.



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe
Velocity Profile

• Hydraulically smooth: The viscous wall thickness (δv) is large enough that it 
submerges the wall roughness elementsà Negligible effect on the flow 
(almost as if the wall is smooth).

• If the viscous wall layer is very thinà Roughness elements protrude off the 
layerà The wall is rough.

• The relative roughness e/D and Reynolds number can be used to find if a pipe is 
smooth/rough.

e = Average wall 
roughness height

δv = Viscous wall 
layer thickness



Turbulent Flow in a Pipe
Velocity Profile

• For a smooth wall, there are two regions of flow (wall and outer regions).

• Wall region: Characteristic velocity = shear velocity 𝑢" = "!
#

;

Characteristic length = viscous length $
%"

e = Average wall 
roughness height

δv = Viscous wall 
layer thickness

Dimensionless velocity 
distribution in the wall region 
for a smooth pipe 



Turbulent Flow in a Pipe
Velocity Profile

• For rough pipes, the viscous wall layer doesn’t play an important role.
• Turbulence starts from the protruding wall elements.

• Characteristic length is the Average roughness height e

e = Average wall 
roughness height

δv = Viscous wall 
layer thickness

Dimensionless velocity 
profile for the wall region of 
a rough pipe



Turbulent Flow in a Pipe
Velocity Profile

• In the outer region, characteristic length is r0

e = Average wall 
roughness height

δv = Viscous wall 
layer thickness

Velocity defect 𝑢#$% − #𝑢 is normalized 
with uτ . Relation is for both smooth and 
rough pipes.



Turbulent Flow in a Pipe
Velocity Profile

• The wall and outer regions may overlap. The maximum velocity is:

e = Average wall 
roughness height

δv = Viscous wall 
layer thickness



Turbulent Flow in a Pipe
Velocity Profile

Wall Region (Empirical relations for 
turbulent flow in a smooth pipe)



Turbulent Flow in a Pipe
Velocity Profile

Outer Region (Empirical relations 
for turbulent flow in a smooth pipe)



Turbulent Flow in a Pipe

• The power-law profile describes the turbulent flow velocity distribution in a pipe:
• Simpler form

• Average velocity is then calculated to be:

• n: Depends on the friction factor f 
(Reynolds number and pipe wall 
roughness)



Turbulent Flow in a Pipe

• The power-law profile for turbulent velocity flow distribution:
• Cannot be used to obtain the slope at the wall (infinite for all n).

• Cannot be used to predict wall shear stress.



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe
7.6.3 Losses in Developed Pipe Flow

• Most calculated quantity in pipe flow is the head loss.
• Allows pressure change to be foundà pump selection.
• Derived from energy equation.

Head loss from wall shear in a developed flow is 
related to the friction factor(f).
• f = f(ρ, μ, V, D, e)
• Darcy-Weisbach equation



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe

• Moody diagram is a plot of experimental data relating friction factor to the 
Reynolds number.

• For fully developed pipe flow over a range of wall roughnesses.

• For a given wall roughnessà There is a large enough Re to get a constant friction 
factorà Completely turbulent regime.

• For smaller relative roughnessà As Re decreases, friction factor increasesà
Transition zoneà Friction factor becomes like that of a smooth pipe.

• For Re < 2000à The critical zone couples the turbulent flow to the laminar flow and 
may represent an oscillatory flow that alternately exists between turbulent and laminar 
flow.

• Assume new pipesà As a pipe gets older, corrosion occurs changing both the 
roughness and the pipe diameter.

Losses in Developed Pipe Flow



Turbulent Flow in a Pipe

• Colebrook equation: The equation that couples the smooth pipe equation 
to the completely turbulent regime equation.

• Smooth pipe flow: e = 0; Completely turbulent zone: Re = ∞

Empirical equations for 
Re > 4000

Losses in Developed Pipe Flow



Turbulent Flow in a Pipe

• Three types of problems for developed turbulent flow in a pipe:
• One: Straightforward. Needs no iteration when using the Moody diagram.
• Two and Three: Engineering design situation. Needs an iterative trial-and-error 

process.

Losses in Developed Pipe Flow



Turbulent Flow in a Pipe

• To avoid trial-and-error and the Moody diagram, use:

• Developed by Swamee and Jain (1976) for pipe flow.
• First and last equations are accurate to within 2% of the Moody diagram. The 

middle equation is as accurate as the Moody diagram.

Losses in Developed Pipe Flow



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe
Losses in Noncircular Conduits

• Can approximate for conduits with noncircular cross sections:
• Using hydraulic radius R A: Cross-sectional area

P: Wetted perimeterà Perimeter where the 
fluid is in contact with the solid boundary

• E.g., for a circular pipe:
• Hydraulic radius R = ro/2

• The head-loss then becomes:



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe
Minor Losses in Pipe Flow

• Sometimes minor losses (from fittings that cause additional losses) can 
exceed frictional losses.

• Expressed in terms of a loss coefficient K.

• K can be determined experimentally.
• If there is an expansion from area A1 to area A2:

• For a sudden expansion in area:



Turbulent Flow in a Pipe
Minor Losses in Pipe Flow

• A loss coefficient can be expressed as an equivalent length Le of pipe:

• For long segments of pipe, minor losses can usually be neglected.



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe
Hydraulic and Energy Grade Lines

• Energy equation is written in a form where the terms have dimensions of 
length:

• The Hydraulic and Energy grade lines for piping systems can hence be 
defined:

• Hydraulic Grade Line (HGL): Located a distance p/γ above the center of the 
pipe.

• Energy Grade Line (EFL): Located a distance V2/2g above the HGL.



Turbulent Flow in a Pipe
Hydraulic and Energy Grade Lines



Turbulent Flow in a Pipe
Hydraulic and Energy Grade Lines: NOTES

• As Và0, HGL and EGL approach each other. (For a reservoir, they are identical and 
lie on the surface.)

• EGL and HGL slope downward in the flow direction (due to head loss).
• Greater the loss per unit length, greater the slope.

• HGL and EGL suddenly change when a loss occurs due to sudden geometry changes.
• Jumps when useful energy is added (pump).
• Drops when useful energy is extracted (turbine).

• If the HGL passes through the centerline of the pipeà pressure is zero.
• If the pipe is above the HGLà vacuum condition.



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe
Simple Pipe System with a Centrifugal Pump

• If the flow rate of the pump is not givenà Not straightforward.
• The head produced by the pump and the efficiency depend on the discharge.
• Need the characteristic curves of the pump.
• Can relate flow rate Q, and pump head HP.

System Demand Curve: 
Energy equation relating 
pump head to an unknown 
flow rate.

Pump characteristic 
curve (Intersection is the 
operating point of the 
system)



Turbulent Flow in a Pipe



Turbulent Flow in a Pipe



Uniform Turbulent Flow in Open Channels

• Steady, uniform flow in an open channel can be understood using the 
Darcy-Weisbach relation.

• Uniform flow in an open, rough channel can be analyzed using the energy 
equation.

• Hence the head loss is simply:
L: Length of the channel
S: Slope of the channel

• The Darcy-Weisbach equation for this head-
loss is:

R: Hydraulic radius



Uniform Turbulent Flow in Open Channels

• For large open channels (having large Reynolds numbers), the friction factor is in 
the turbulent region.

• C = Chezy coefficient (dimensional 
constant)

• C = Channel roughness
• R = Hydraulic radius
• c1 = 1.0 (SI)

• n: Dimensionless constant related to the wall 
roughness (Manning n)



Uniform Turbulent Flow in Open Channels

• The flow-rate in an open channel is found using the Chezy-Manning equation.

Note: Equation is usually used 
for rough-walled channels.



Uniform Turbulent Flow in Open Channels



Uniform Turbulent Flow in Open Channels



Uniform Turbulent Flow in Open Channels



Uniform Turbulent Flow in Open Channels



Summary
• Laminar entrance lengths for a pipe and wide channel are:

• For high Reynolds-number turbulent pipe flow, the entrance length is:

• For laminar flow in a pipe and a wide channel, the pressure drop and 
friction factor are:

a: Channel height



Summary
• The torque required to rotate an inner cylinder with the outer cylinder fixed 

is:

• The head loss in a turbulent flow is simply:

• Minor losses are included using loss coefficients, K:

f: Found using a Moody diagram

• The flow rate in an open channel is estimated by:


